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We perform a calculation of the strong interaction effects between the B and D mesons in the
B¯ → Dν¯ℓ reaction, as a crossing process of reactions with BD in the final state, where the strong
interaction between the mesons leads to a bound BD state. We find corrections to the tree level
amplitude of the order of 15 − 25%. We further see the effect of the corrections studied in the RD
ratio for the rates of B¯ → Dν¯ττ and B¯ → Dν¯eℓ decays and find corrections of the order of 10%.
Given the claims of 1.5% precision in this ratio from fits to data within the standard model, any
theoretical model aiming at describing this ratio within the same precision must take into account
the corrections described in the present work.
PACS numbers:
I. INTRODUCTION
Different experiments [1–11] have reported values for
the semileptonic B decay ratios
RD =
BR(B− → Dν¯τ τ)
BR(B− → Dν¯ℓℓ) (with ℓ = e or µ) , (1)
which exceed the values provided by the Standard Model
(SM). The amount of theoretical works offering plausible
solutions to this puzzle with different extensions of the
Standard Model is huge and we refer the reader to recent
reviews on this topic [12–14].
In between the recent Belle data [15] have reduced the
value of RD such that the discrepancies with the SM are
significantly reduced. Following Ref. [13], the Heavy Fla-
vor Averaging Group (HFLAV) values for 2018 and 2019,
the latter one including the recent Belle data, are given
in Table I, which also shows the SM value for reference.
TABLE I: HFLAV averages of RD for 2018 and 2019, together
with the SM results.
HFLAV2018 HFLAV2019 SM
RD 0.407(39)(24) 0.340(27)(13) 0.312 (19)
We can observe that the new HFLAV2019 values are
already compatible with the SM predictions within er-
rors. The new Belle alone data are [15]
RBelleD = 0.307± 0.037± 0.016 , (2)
even closer to the SM value.
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In the SM, one writes the weak transition amplitudes in
terms of form factors, which are conveniently parameter-
ized [16–20]. Input from lattice QCD calculation [21, 22]
is also often used [13]. In [23] heavy quark effective the-
ory (HQET) [24, 25] is used, with corrections of order
αs,
ΛQCD
mc
and partly
Λ2QCD
m2c
, following [14], and the free
parameters are fitted to data. Within this approach the
value of RD = 0.300
+0.005
−0.004 is reported, with errors smaller
than the average in Table I and a value of RD very close
to the new Belle data of Eq. (2). Similarly, in [26] a pa-
rameterization to data using form factors inspired on the
Muskhelishvili-Omne`s (MO) dispersion relation is done
and the value RD = 0.301(5) is reported.
While it is unclear which effects from strong interaction
are accounted for in parameterized form factors, it is our
purpose here to perform explicitly one source of strong
corrections, directly related to the final state interaction
in semileptonic decays of heavy mesons, which leads to
the formation of hadronic resonances in some cases, and
are not part of the usual effects considered in some form
factor evaluations, in particular quark models.
In [27] the B¯s and B¯
0 semileptonic decays into the
D∗s0(2317) and D
∗
0(2400), respectively, are studied from
this perspective. The B¯s decays to ν¯ℓ and a cs¯ pair. Af-
ter hadronization, generating a q¯q pair with the quantum
numbers of the vacuum, aDK orDsη pair is created, and
these coupled channels interact strongly (final state inter-
action) to produce the D∗s0(2317) [28–31]. Similarly, the
B¯0 decays primarily into cu¯, which after hadronization
produces the D0π0, D+π−, D0η, D+s K
− channels, which
undergo final state interaction to produce the D∗0(2400)
resonance [28–31]. Along similar lines, the Ds and D
mesons are studied in [32] and their semileptonic de-
cay leads to ππ, πη,πK, KK¯ final states, that upon in-
teraction in coupled channels gives rise to the f0(500),
f0(980) and a0(980) and K
∗
0 (800) resonances. These
resonances are generated dynamically from the interac-
2tion of these channels, which is most effectively handled
within the chiral unitary approach [33–36]. Similarly,
the Λb → ν¯ℓΛc(2595) and Λb → ν¯ℓΛc(2625) reactions
are investigated in [37] from the perspective that the
Λc(2595) and Λc(2625) resonances are dynamically gen-
erated from the interactions of pseudoscalar-baryon and
vector-baryon components [38]. Along the same lines
the Ξ−b → ν¯ℓΞ0c(2790)(Ξ0c(2815)) reactions are studied
in [39] from the perspective that the Ξ0c(2790), Ξ
0
c(2815)
are generated dynamically from the pseudoscalar-baryon
and vector-baryon interactions [40]. Another example of
work along these lines is the semileptonic decay of B−c
into the resonances X(3930), X(3940) and X(4160) [41],
which according to [42] are dynamically generated from
the vector-vector interaction in the charmed sector.
In the light sector the main interaction between
mesons, or mesons and baryons stems from the chiral La-
grangians [43–46], and the chiral unitary approach pro-
vides an extension to higher energies of chiral pertur-
bation theory using unitarity in coupled channels and
matching the results of chiral perturbation theory at low
energies. Yet, when going to the charmed or bottom sec-
tors one can no longer rely upon chiral symmetry and
one exploits an equivalent approach which allows for an
extrapolation. Indeed, as shown in [47], the chiral La-
grangians can be equally obtained from the local hidden
gauge approach that generates the interaction from the
exchange of vector mesons [48–51]. This can be extended
to the heavy quark sector, because the biggest terms of
the interaction come from the exchange of light vectors,
where the heavy quarks are spectators, and the rules of
heavy quark symmetry [24, 25] are automatically fulfilled.
Detailed description of the procedure used can be seen
in [52, 53]. When pseudoscalar and vector mesons are
mixed, as we shall also do here, then pseudoscalar ex-
change is also required in the transition matrix elements
and we shall follow the steps of [54].
The B¯ → Dν¯ℓ transition would correspond to the
crossing process of the former reactions, where instead
of having W → BD we have B¯ → DW . The final state
interaction of BD is relatively strong, and it was found
in [53] using the extension of the local hidden gauge ap-
proach discussed above, that the BD interaction leads to
a bound state with binding of 15− 38 MeV. This should
have some repercussion in the B¯ → Dν¯ℓ reaction which
is the purpose of our investigation here.
The idea of using crossing symmetry to evaluate form
factors of the weak interaction has been used in the light
sector [55] and the form factors are evaluated using the
MO approach relating the form factors to the meson-
meson scattering phase shifts [56, 57]. These ideas have
been extended to the heavy-light decays, as the semilep-
tonic, B → π, Bs → K, D → π, D → K¯, where some
information on scattering can be obtained with a mix-
ture of chiral symmetry and heavy quark symmetry in
[58], and previously in [59, 60]. In [59, 60] the form
factors are evaluated by means of a quark model with
extensions based on the MO approach.
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FIG. 1: (a) W → BD bare process. (b)(c) interaction of the
BD state by meson exchange.
When it comes to doubly heavy mesons, as in the
B¯ → Dν¯ℓ decay, the information on the BD interaction
is far less known than in the heavy-light sector and the
MO approach is less predictive. Yet, it is still possible
to use the MO formalism and parameterize the unknown
information in terms of a few parameters which are ad-
justed to data. This is the procedure used in [26] to
evaluate the form factors. It is also interesting to men-
tion that BD phase shifts induced in the analysis of [16]
hint to the possible existence of a BD bound state.
Our aim is to use the theoretical tools employed in the
study of the BD interaction in [53] and use them in the
B¯ → Dν¯ℓ reaction, both for light ν¯ℓ and ν¯τ τ , in order to
see the effects of this interaction in the RD ratio.
II. FORMALISM
In this section we connect with the formalism of [61]
and of [16] for the B¯ → ν¯ℓD, which are compared in [62].
In [61], a good approximation was found that related the
different B¯(∗) → ν¯ℓD(∗) processes which we shall find
here. To see which process we shall need to consider, let
us first proceed to pin down the diagrams that will be
needed to account for the BD interaction.
A. Crossing process accounting for the BD
interaction
Le us imagine we have a process depicted in Fig 1(a)
where aW produces a BD state. Following [53], the BD
state will interact by exchanging mesons, and in the in-
termediate states one can have other meson pairs that
couple to BD, essentially, BsDs, although its relevance
is diminished by the large energy gap with BD. The ex-
change of the vector mesons is the essential ingredient
in [53]. Actually, we could mix channels, BD → B∗D∗,
via pion exchange, which repercute in the BD interac-
tion via BD → B∗D∗ → BD, but this was justified to
produce small effects in [53] and indeed in [63] no bound
BD state was found with pion exchange.
The crossing process to Fig. 1 is given in Fig. 2. While
in Fig. 1 one could in principle concentrate in a region
close to the BD threshold where the multiple scattering
(Figs. (b)(c),..) is important and leads to the bound BD
3W W
(a) (b)
FIG. 2: Crossing process to Fig. 1(a) tree level, (b) meson
exchange between the initial and final meson.
state, in Fig. 2 one is very far from this situation and we
shall see that the strong interaction corrections are small
effects, which justifies that we stop at the one meson
exchange level. Taking into account the coupled channels
that we have, the relevant diagrams that originate from
this strong interaction are given in Fig. 3.
In diagrams (a)(b)(c) of Fig. 3 pseudoscalar meson ex-
change is not allowed. In diagram (d) η exchange would
also be allowed but is suppressed by the large mass of
the η. One can also exchange vector mesons in diagrams
(d), (e), (f), but this involves anomalous vector–vector-
pseudoscalar (VVP) couplings and these terms are sup-
pressed [64]. In any case, we will find out that the terms
with vector meson intermediate states give a very small
correction, consistently with the findings from different
works mentioned above.
We need two ingredients in the theory: The vector-
pseudoscalar-pseudoscalar (V PP ) couplings and the
B¯ → Dν¯ℓ, B¯∗ → D∗ν¯ℓ transitions. Let us first face
the first issue.
B. The vector–pseudoscalar–pseudoscalar couplings
In SU(3) the V PP Lagrangian is given by
L = −ig〈[P, ∂µP ]V µ〉 (3)
where 〈〉 stands for the trace and P and V µ are the ordi-
nary SU(3) matrices for pseudoscalar mesons and vector
mesons, respectively. The coupling g is given by
g =
mV
2f
(4)
with mV ≃ 800 MeV, a vector meson mass, and f =
93 MeV the pion decay constant. Since in Fig. (3) we
exchange light mesons, the heavy quarks of the B or D
mesons act as spectators and we can get the couplings
making a mapping from the SU(3) space. In practice
it is shown in [53] that the matrix elements needed in
these diagrams are easily obtained using the flavor wave
functions for the mesons, and equivalently by using the
same Lagrangian of Eq. (3) in its SU(4) extension, using
for P and V the qq¯ matrix elements in the meson basis.
TABLE II: Coefficients of Eq. (5) for the DDV vertex.
D0ρ0 → D0 D0ω → D0 D+ρ− → D0 D+s K
∗−
→ D0
Ci
1√
2
1√
2
1 1
For the DDV vertices we use
P =


π0√
2
+ η√
3
+ η
′
√
6
π+ K+ D¯0
π− − π0√
2
+ η√
3
+ η
′
√
6
K0 D−
K− K¯0 − η√
3
+
√
2
3η
′ D−s
D0 D+ D+s ηc

 ,
V =


ρ0√
2
+ ω√
2
ρ+ K∗+ D¯∗0
ρ− − ρ0√
2
+ ω√
2
K∗0 D¯∗−
K∗− K¯∗0 φ D∗−s
D∗0 D∗+ D∗+s J/ψ

 .
For the BBV vertices we use
P =


π0√
2
+ η√
3
+ η
′
√
6
π+ K+ B+
π− − π0√
2
+ η√
3
+ η
′
√
6
K0 B0
K− K¯0 − η√
3
+
√
2
3η
′ B0s
B− B¯0 B¯0s ηb

 ,
V =


ρ0√
2
+ ω√
2
ρ+ K∗+ B∗+
ρ− − ρ0√
2
+ ω√
2
K∗0 B∗0
K∗− K¯∗0 φ B∗0s
B∗− B¯∗+ B¯∗0s Υ

 .
Then we obtain a transition t matrix for the DDV
vertices
t
(i)
DDV = Cig(2P
′ − q)µǫµ, (5)
with ǫµ the vector polarization and the Ci coefficients
given in Table II. For the BBV vertices we get
t
(i)
BBV = Cig(2P − q)µǫµ, (6)
with Ci given in Table III. For the D
∗DP vertices we
obtain
t
(i)
D∗DP = Cig(P
′ + q)µǫµ, (7)
with Ci given in Table IV . For the B
∗BP vertices we
obtain
t
(i)
B∗BP = Cig(P + q)µǫ
µ, (8)
with the Ci coefficients given in Table V.
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FIG. 3: Diagrams accounting for the strong interaction of B¯D. (a)(b)(c) with intermediate B,D pseudoscalars. (d)(e)(f) with
intermediate B∗, D∗ vector mesons. In parenthesis the momentum of the particle.
TABLE III: Coefficients of Eq. (6) for the BBV vertex.
B−ρ0 → B− B−ω → B− B−ρ+ → B¯0 B−K∗− → B¯0s
Ci
1√
2
1√
2
1 1
TABLE IV: Coefficients of Eq. (7) for the D∗DP vertex.
D∗0π0 → D0 D∗+π− → D0 D∗+s K
−
→ D0
Ci −
1√
2
−1 −1
C. B → Dν¯e and B∗ → D∗ν¯e
In [61], a formalism is developed that evaluates explic-
itly the weak matrix elements for the different B(∗) →
D(∗)ν¯e transitions, relating all of them. The contribu-
tions for the different third components of the B∗ and
D∗ are explicitly evaluated. The weak Hamiltonian, up
to a global normalization which is not needed in ratios of
widths, is given by
H = CLαQα (9)
with C a constant, and Lα the leptonic current
Lα = 〈u¯ℓ|γα(1− γ5)|vν〉 (10)
TABLE V: Coefficients of Eq. (8) for the B∗BP vertex.
B−π0 → B∗− B−π+ → B¯∗0 B−K∗ → B¯∗s
Ci −
1√
2
−1 −1
and Qα the quark current
Qα = 〈u¯c|γα(1− γ5)|ub〉 (11)
In [61] the evaluation of the matrix elements is done in
the ν¯ℓ rest frame where ~pB = ~pD = ~p with p given by
p =
λ1/2(m2in,m
2
fin,M
2(νℓ)
inv )
2M
(νℓ)
inv
(12)
with min, mfin the initial and final meson masses and
M
(νℓ)
inv the invariant mass of the ν¯ℓ pair.
The quark spinors are written in terms of the momenta
of the mesons, rather than the quarks, using the rela-
tionship for the four-momenta of the quarks, b, c and the
mesons B, D,
pb
mb
=
pB
mB
,
pc
mc
=
pD
mD
. (13)
This relationship was shown in [62] to be rather accu-
rate, and it is strictly exact in the limit of infinity heavy
quark mass. It is not surprising that the final expressions
fulfill the heavy quark limit of infinite mass that allows
one to relate the amplitudes to the universal Isgur-Wise
function [65, 66]. One has there
〈D,P ′|Qµ|B,P 〉√
mBmD
= (v+v′)µh+(ω)+(v−v′)µh (ω) (14)
where
v =
P
mB
, v′ =
P ′
mB
(15)
and
ω = vv′ =
m2B +m
2
D −M2(νℓ)inv
2mBmD
(16)
5In the heavy quark limit, h+ = ξ(ω), h− = 0 with ξ(ω)
the Isgur-Wise function. The expressions found in the
formalism of [61] respect these properties and provide an
explicit quantity for the ξ(ω) function.
In the formalism of [61], by using the expression of
Eq. (11), one writes the spinors as
ur = A
(
χr
B~σ · ~pBχr
)
, (17)
A =
(
EB
mB
+ 1
2
)1/2
, B =
1
mB
(
1 + EBmB
) (18)
and similarly for theD meson, with A′, B′ replacingA,B.
For the B → D transitions one finds in [61]
〈D|Q0|B〉 ≡M0 = AA′(1 +BB′p2) (19)
〈D|Qν |B〉 ≡ Nν = AA′(B + B′)pδν0;
N i = AA′(B +B′)pi (20)
with pi ≡ P i of Eq. (14), where the index ν in Eq. (20)
refers to the i spatial components of Qi in spherical basis
and the z axis is chosen along the B,D momentum ~P .
The relationship of h+(ω) to A,A
′, B,B′ is found in [62]
as
h+ =
√
mBmD
mB +mD
AA′(B +B′). (21)
In [61] one also finds the expressions for Qα for the case
of B → D∗ν¯ℓ and B∗ → D∗ν¯ℓ. One can also write Qα in
terms of h+, taking into account the Isgur-Wise scaling
for heavy quarks, which is given in [62] for B → D∗ν¯ℓ.
For B∗ → D∗ν¯ℓ one can also write an expression as in
Eq. (14) and one finds 1
〈D∗, P |Qµ|B∗, P 〉√
mB∗mD∗
= h+(ω)[ǫ
µ
B∗(v · ǫ∗D∗) + ǫ∗µD∗(v′ · ǫB∗)
−(vµ + v′µ)(ǫ∗D∗ · ǫB∗)
−iǫµνρσǫρB∗ǫ∗ρD∗(vσ + v′σ)] (22)
with ǫ0123 = 1, with h+ given by Eq. (21) using the
masses of B∗ and D∗ instead of B and D, and the same
for v, v′ of Eqs. (15).
D. Evaluation of the B → Dν¯e correction terms
with intermediate B,D pseudoscalar mesons
If we look at diagram (a) of Fig. 3 and Eqs. (5),(6), we
find a vertex contribution of the type
g(2P − q)µǫµg(2P ′ − q)νǫν . (23)
1 We thank Juan Nieves for providing us the formula that we have
checked against the expressions of [62].
On the other hand for the evaluation of the loop function
we shall only consider the positive energy part of the
propagator for the heavy B and D mesons, that is, the
first term of the decomposition
1
p2 −m2 + iǫ =
1
2ω(p)
{
1
p0 − ω(p) + iǫ −
1
p0 + ω(p)− iǫ
}
(24)
with ω(p) =
√
~p2 +m2. Thus, we have the integral
I = i
∫
d4q
(2π)4
1
2ω1
1
2ω2
· 1
P 0 − q0 − ω1 + iǫ
1
P ′0 − q0 − ω2 + iǫ
· 1
2ω
{
1
q0 − ω + iǫ −
1
q0 + ω − iǫ
}
(25)
with ω1 =
√
m2B + (
~P − ~q)2, ω2 =
√
m2D + (
~P ′ − ~q)2,
ω =
√
m2V + ~q
2, where P 0 =
√
m2B +
~P 2, P ′0 =√
m2D +
~P 2, where for the light vector we keep the two
terms. Note that ~P = ~P ′ in the ν¯e rest frame where we
work. One can immediately see that using Cauchy’s inte-
gration the negative energy term of the vector propagator
does not give a contribution and we readily find
I =
∫
d3q
(2π)3
1
2ω
1
2ω1
1
2ω2
· 1
P 0 − ω − ω1 + iǫ
1
P ′0 − ω − ω2 + iǫ (26)
and the iǫ can be removed since these denominators can-
not vanish. While the particles in the loop cannot be
simultaneously placed on shell, we see, however, that in
the Cauchy integral we evaluate the residue of the pole of
q0 = ω =
√
~q2 +m2V . For practical purposes, the vector
meson has on shell kinematics and then qµǫ
µ ≡ 0 which
allows to write the vertex combination of Eq. (23) as
g2Pµg2P ′ν
∑
pol
ǫµǫν
= 4g2PµP ′ν
(
−gµν + qµqν
m2V
)
= −4g2P · P ′ + 4g2 1
m2V
(P · q)(P ′ · q)
= 4g2[−EBED + ~P 2 + 1
m2V
(EBω − ~P · ~q)(EDω − ~P · ~q)]
(27)
which has to be placed inside the integrand of Eq. (25).
In addition we have to place the 〈Q0〉, 〈Qν〉 matrix ele-
ments of Eqs. (19) (20) inside the integral, evaluated for
the loop momenta. Hence,
M0 → AA′(1 +BB′(~P − ~q 2)), (28)
6Nν → N i → AA′(B +B′)(P − q)i
≡ AA′(B +B′)P i
(
1−
~P · ~q
~P 2
)
(29)
where A,A′, B,B′ are new functions of (~P − ~q)2, and
we have taken into account that
∫
d3qf(~p, ~q)qi = αpi =
pi
∫
d3q
~p · ~q
~p2
f(~p, ~q) with f(~p, ~q) a scalar function. Hence
we can see that the integral of N i is proportional to ~P
which we have taken in the z direction in the tree level
contribution to Qα, Eq. (20).
With all these ingredients it becomes straightforward
to write to corrections to M0 and N
i ≡ N3 as
T 0(1 + 2)
= 2g2
∫
d3q
(2π)3
1
2ω
1
2ω1
1
2ω2
· 1
P 0 − ω − ω1 ·
1
P ′0 − ω − ω2
·AA′(1 +BB′( ~P ′ − ~q)2) · 4
·
[
−EBED + ~P 2 + (EBω −
~P · ~q)(EDω − ~P · ~q)
m2ρ
]
,
(30)
T 3(1 + 2)
= 2g2P
∫
d3q
(2π)3
1
2ω
1
2ω1
1
2ω2
· 1
P 0 − ω − ω1 ·
1
P ′0 − ω − ω2
·
(
1−
~P · ~q
~P 2
)
AA′(B +B′) · 4
·
[
−EBED + ~P 2 + (EBω −
~P · ~q)(EDω − ~P · ~q)
m2ρ
]
(31)
where 1 and 2 in the parenthesis refer to the first and
second diagrams of the first line in Fig. 3. For the third
diagram T 0(3), we have the same expression changing
2g2 → g2 and m2ρ → m2K∗ and the masses of the interme-
diate B,D states to those of B¯s and Ds. Next we take
into account that for P = 0, corresponding toM
(νℓ)
inv max-
imum, ω = 1, the Isgur-Wise function has a fixed value,
thus, we make subtractions to our evaluated amplitudes
to respect this fixed value. We define
T˜ 0P (1 + 2) =
T 0(1 + 2)
EB
MB
+ EDMD
; T˜ 0P (3) =
T 0(3)
EB
MB
+ EDMD
(32)
T˜ 3P (1 + 2) =
T 3(1 + 2)
P
; T˜ 3P (3) =
T 3(3)
P
; (33)
and
T˜ ′0P (1 + 2) = T˜
0
P (1 + 2, P )− T˜ 0P (1 + 2, P = 0),
T˜ ′0P (3) = T˜
0
P (3, P )− T˜ 0P (3, P = 0),
T˜ ′3P (1 + 2) = T˜
3
P (1 + 2, P )− T˜ 3P (1 + 2, P = 0),
T˜ ′3P (3) = T˜
3
P (3, P )− T˜ 3P (3, P = 0) (34)
where the subindex P stands for the intermediate pseu-
doscalars contributions. Then define the ratios R0P , R
3
P
as
R0P =
T˜ ′0P (1 + 2) + T˜
′0
P (3)
AA′(1 +BB′ ~P 2)
(
EB
MB
+
ED
MD
)
R3P =
T˜ ′3P (1 + 2) + T˜
′3
P (3)
AA′(B +B′)
(35)
The ratios give the relative change with respect to the
tree level in the M0 and N i amplitude of Eqs. (19) (20).
E. Evaluation of the B → Dν¯ℓ correction terms
with intermediate B∗, D∗ states
We proceed to evaluate the last three diagrams of
Fig. 3. From the structure of the Qµ matrix element
in Eq. (22), we shall have three terms (the ǫµναβ term
does not contribute when summing over the B∗, D∗
polarization in the diagrams). We use real polarization
vectors and have
1) ǫαB∗(P + q)αǫ
µ
B∗vγǫ
γ
D∗ǫ
ν
D∗(P
′ + q)γ
the sum over polarization gives
∑
pol
ǫαB∗ǫ
µ
B∗ = −gµν +
(P − q)α(P − q)µ
M2B∗
(36)
∑
pol
ǫγD∗ǫ
ν
D∗ = −gγν +
(P ′ − q)γ(P ′ − q)ν
M2D∗
(37)
and we obtain
tµ1 =
[
−(P + q)µ + (P
2 − q2)(P − q)µ
M2B∗
]
[
−v · (P ′ + q) + v · (P
′ − q)(P ′2 − q2)
M2D∗
]
. (38)
2) Similarly we can proceed with the second term of
Eq. (22) and find
tµ2 =
[
−v′ · (P + q) + (P
′2 − q2)v′ · (P − q)
M2B∗
]
[
−(P ′ + q)µ + (P
′ − q)µ(P ′2 − q2)
M2D∗
]
. (39)
73) We proceed equally with the third term of Eq. (22)
and find
tµ3 = −
[
(P + q) · (P ′ + q)− (P
′2 − q2)(P + q) · (P ′ − q)
M2D∗
− (P
2 − q2)(P − q) · (P ′ + q)
M2B∗
+
(P 2 − q2)(P ′2 − q2)(P − q) · (P ′ − q)
M2B∗M
2
D∗
]
(vµ + v′µ).
(40)
One can further recall that in the q0 integration in the
loop function of Eq. (25), q0 becomes
√
~q2 +m2ρ with mρ
the mass of the pseudoscalar meson exchanged, and thus
q2 → m2ρ. We can further evaluate tµj for µ = 0 , µ = i
explicitly and we find the terms,
t01 =
[
−(EB + ω) + (M
2
B −m2)(EB − ω)
M2B∗
]
·
[
− (EB − ω)(ED + ω)−
~P 2 + ~q2
MB∗
+
(EB − ω)(ED − ω)− (~P − ~q)2
MB∗M2D∗
(M2D −m2)
]
,
(41)
t02 =
[
−(ED + ω) + (ED − ω)(M
2
D −m2)
M2D∗
]
·
[
− (ED − ω)(EB + ω)−
~P 2 + ~q2
MD∗
+
(ED − ω)(EB − ω)− (~P − ~q)2
MD∗M2B∗
(M2B −m2)
]
,
(42)
t03 = −
(
EB − ω
MB∗
+
ED − ω
MD∗
)
·[
(EB + ω)(ED + ω)− (~P + ~q)2
−(M2D −m2)[(EB + ω)(ED − ω)− ~P 2 + ~q2]
1
M2D∗
−(M2B −m2)[(EB − ω)(ED + ω)− ~P 2 + ~q2]
1
M2B∗
+
1
M2B∗M
2
D∗
(M2B −m2)(M2D −m2)
[(EB − ω)(ED − ω)− (~P − ~q)2]
]
(43)
t31 = P
[
−(1 +
~P · ~q
~P 2
) +
(
1−
~P · ~q
~P 2
)
(M2B −m2)
1
M2B∗
]
[
− (EB − ω)(ED + ω)−
~P 2 + ~q2
MB∗
+
(EB − ω)(ED − ω)− (~P − ~q)2
MB∗M2D∗
(M2D −m2)
]
,
(44)
t32 = P
[
−(1 +
~P · ~q
~P 2
) +
(
1−
~P · ~q
~P 2
)
(M2D −m2)
1
M2D∗
]
[
− (ED − ω)(EB + ω)−
~P 2 + ~q2
MD∗
+
(ED − ω)(EB − ω)− (~P − ~q)2
MD∗M2B∗
(M2B −m2)
]
,
(45)
t33 = −P
(
1−
~P · ~q
~P 2
)(
1
M∗B
+
1
M∗D
)
·
[
(EB + ω)(ED + ω)− (~P + ~q)2
−(M2D −m2)[(EB + ω)(ED − ω)− ~P 2 + ~q2]
1
M2D∗
−(M2B −m2)[(EB − ω)(ED + ω)− ~P 2 + ~q2]
1
M2B∗
+
1
M2B∗M
2
D∗
(M2B −m2)(M2D −m2)
[(EB − ω)(ED − ω)− (~P − ~q)2]
]
,
(46)
where P = (P 0, ~P ), P ′ = (P ′0, ~P ).
It is worth noting that, in spite of the apparent ex-
tra two powers in q from Eqs. (36) (37) from the B∗,
D∗ propagators, the t0i , t
3
i terms are of the same order
in q as the amplitude of Eq. (27) for the case of inter-
mediate B,D pseudoscalar mesons. This can be seen
from a cancellation of the O(q3), O(q4) terms in t0i , t
3
i of
Eqs. (41)-(46) .
Together with the integral of Eq. (26) we obtain the
terms contributing to the corrections to M0 and N3, t0
and t3 as
T 0V (1 + 2) =
3
2
g2
∫
d3q
(2π)3
1
2ω
1
2ω1
1
2ω2
· 1
P 0 − ω − ω1 + iǫ
1
P ′0 − ω − ω2 + iǫ
·AA′(B +B′) MB∗MD∗
MB∗ +MD∗
·(t01 + t02 + t03). (47)
8where now ω =
√
~q2 +m2π, ω1 =
√
m2B∗ + (
~P − ~q)2,
ω2 =
√
m2D∗ + (
~P − ~q)2. T 0V (3) has the same expression
but 32g
2 → g2 and mπ → mK . And we must take into
account that, A,A′, B,B′ are now functions of (~P − ~q)2.
Similarly
T 3V (1 + 2) =
3
2
g2
∫
d3q
(2π)3
1
2ω
1
2ω1
1
2ω2
· 1
P 0 − ω − ω1 + iǫ
1
P ′0 − ω − ω2 + iǫ
·AA′(B +B′) MB∗MD∗
MB∗ +MD∗
·(t31 + t32 + t33). (48)
T 3V (3) has the same expression but changing
3
2g
2 → g2
and mπ → mK and the masses of the intermediate B,D
states to those of B¯s and Ds.
The next step is to subtract the contribution to the
Isgur-Wise function at P = 0. For this, we define
T˜ 0V (1 + 2) =
T 0V (1 + 2)
EB
MB
+ EDMD
; T˜ 0V (3) =
T 0V (3)
EB
MB
+ EDMD
T˜ 3V (1 + 2) =
T 3V (1 + 2)
P
; T˜ 3V (3) =
T 3V (3)
P
(49)
and define the functions T˜
′0
V (1 + 2), T˜
′0
V (3), T˜
′3
V (1 + 2),
T˜
′3
V (3), as in Eqs. (34) subtracting the values at P =
0 of the terms of Eq. (49). After that, the relative
changes for M0 and N
3 of the tree level contributions
of Eqs. (19) (20) are given respectively by
R0V =
T˜ ′
0
V (1 + 2) + T˜
′0
V (3)
AA′(1 +BB′ ~P 2)
(
EB
MB
+
ED
MD
)
, (50)
R3V =
T˜ ′
3
V (1 + 2) + T˜
′3
V (3)
AA′(B +B′)
. (51)
Finally, let us see how the changes obtained influence
the ν¯ℓ invariant mass distribution dΓ/dM
(νℓ)
inv . In [61] the
differential invariant mass distribution was found as
dΓ
dM
(νℓ)
inv
=
1
(2π)3
1
M2B
pDp˜ν
∑∑
|t|2 (52)
where∑∑
|t|2 = (AA′)2
{m2ℓ(M2(νℓ)inv −m2ℓ)
M
2(νℓ)
inv
(1 +BB′P 2)2
+2(E˜νE˜ℓ +
1
3
p˜2ν)
2(B +B′)2P 2
}
(53)
where
pD =
λ1/2(m2B,M
2(νℓ)
inv ,m
2
D)
2mB
, (54)
p˜ν =
λ1/2(M
2(νℓ)
inv ,m
2
ℓ ,m
2
ν)
2M
(νℓ)
inv
, (55)
E˜ν =
√
m2ν + p˜
2
ν ; E˜ℓ =
√
m2ℓ + p˜
2
ν . (56)
In Eq. (53), the first term comes fromM20 and the second
term from (N3)2. It is then clear how this is renormalized
now. Eq. (52) is the same but
∑∑ |t|2 is changed to
∑∑
|t|2 = (AA′)2
{m2ℓ(M2(νℓ)inv −m2ℓ)
M
2(νℓ)
inv
(1 +BB′P 2)2
·(1 +R0P +R0V )2
+2(E˜νE˜ℓ +
1
3
p˜2ν)(B +B
′)2P 2
(1 +R3P +R
3
V )
2
}
. (57)
III. RESULTS
In the first place we should stress that what we have
calculated is a part of the form factor and other ingre-
dients would complement what we have done. Indeed, if
we look at Fig. 1, we would also get a contribution to
the form factor from the tree level of Fig. 1(a) which is
factorized in all the terms (b), (c), · · · . The global am-
plitude is then given, for instance with one intermediate
channel, by
f(Minv(BD))
[
1 +G(Minv(BD))TBD,BD(Minv(BD))
]
.
Similarly, in the diagram of Fig. 2, and concretely in the
one of Fig. 2(b) we have the form factor of the WBD
vertex as a function of Minv(νℓ). In the picture of [61]
it is included in the expression of M0 in Eq. (19) which
depends on p, given in Eq. (12) as a function ofMinv(νℓ).
As shown in [62], this falls short of the structure of the
empirical f+(ω) form factor because the form factor com-
ing from the intrinsic quark wave functions of the mesons
is not implemented. This means that to complete a mi-
croscopical picture of the form factor to be compared
with the empirical one [16] one should perform a quark
model calculation of these intrinsic form factors, as done
in [59]. Conversely, we could say that a quark model cal-
culation of the form factor should be complemented with
our contribution.
This said, let us show our results. In Fig. 4 we show the
results for R0p, R
3
p, R
0
v, R
3
v as a function of Minv(νℓ) for
ν¯ℓ production. The amplitudes that we have calculated
T 0, T 3 are logarithmically divergent. They converge af-
ter the subtraction in p = 0, but following the steps in
the study of meson-meson interaction we regularize the
loops by means of a cutoff in |~q |, qmax, of the order of
800 MeV. By construction all these factors are zero at
Minv(νℓ) maximum. As we can see, R
0
p, R
3
p, reach sizes
of as much as 25% around Minv(νℓ) ≃ 0. This means
that the corrections that we have evaluated are relevant
in a microscopical calculation of the form factors, The
other point worth mentioning is that R0v, R
3
v are com-
paratively very small and can be neglected. This means
that the intermediate B,D pseudoscalar mesons are the
relevant elements in the corrections that we evaluate.
9FIG. 4: Results for R0P , R
3
P , R
0
V , R
3
V as a function ofMinv(νℓ)
for B¯ → Dν¯ℓ. A cutoff qmax = 800 MeV is taken in the
integrals.
FIG. 5: The same as Fig. 4 but for B¯ → Dν¯τ τ .
In Fig. 5 we show the same results for the reaction
B¯ → Dν¯ττ . The results are similar although the range
of Minv(νℓ) is now more restricted.
In Fig. 6 we show dΓdMinv(νℓ) for the case of ν¯ℓ produc-
tion. In Fig. 7 we show the same results as in Fig. 6 but
for B¯ → Dν¯τ τ reaction.
We can see that the implementation of the corrections
evaluated here have a relevance in dΓdMinv(νℓ) and produce
corrections of relative importance. In Fig. 6 the correc-
tion implemented by the factor (1 + R0P + R
0
V )
2 is not
seen. This is because this term multiplies the factor in
Eq. (53) that is proportional to m2ℓ . However, the cor-
rection is visible in Fig. 7 for the case of ν¯τ τ production.
Finally, we would like to see which is the effect of the
corrections done in the ratio RD of Eq. (1). We show the
branching ratios RD for different values of qmax in Table
VI.
In Table VI we see that we obtain RD ≃ 0.23 from the
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FIG. 6: dΓ
dMinv(νℓ)
for B¯ → Dν¯ℓ with and without the cor-
rections done here; line a represents tree level; line b with a
factor of (1+R0P+R
0
V )
2; line c with a factor of (1+R3P+R
3
V )
2;
line d with both factors (1+R0P +R
0
V )
2 and (1+R3P +R
3
V )
2.
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FIG. 7: The same as Fig. 6 but for B¯ → Dν¯τ τ reaction.
The cases a, b, c, d correspond to those in Fig. 6.
TABLE VI: Branching ratios RD changing with qmax.
a b c d
qmax = 0.7 GeV 0.228 0.240 0.194 0.204
qmax = 0.8 GeV 0.228 0.243 0.185 0.196
qmax = 1.0 GeV 0.228 0.250 0.166 0.181
tree level. This is a bit short of the SM value RD ≃ 0.30
quoted in the Introduction, but a fair result considering
that it is a pure theoretical result with no free parameters
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and no fit to data. Taking qmax ≃ 700 MeV, close to
values used in [53, 67], we have RD ≃ 0.204. What the
results of Table VI tell us is that the corrections that
we have studied here are responsible for a 10% change
of this ratio. This is a moderate effect, which however
gains more strength when it is weighed with respect to
the 1.5% error claimed in the SM results in the analyses of
[23] and [26]. This means that in a theoretical evaluation
aiming at such a precision, the consideration of the effects
evaluated here is a must.
IV. CONCLUSIONS
We have performed a theoretical calculation of the
strong interaction corrections between the initial and fi-
nal meson in the B¯ → Dν¯ℓ decay. This is the analog of
the final state interaction in processes where a BD pair
is produced at the end. The existence of calculations in
which the strong interaction between B and D leads to
a bound state indicates that the same interaction in the
crossed channel B¯ → Dν¯ℓ should be also relevant. We
have performed this evaluation using the same ingredi-
ents as those used to bind the BD states and we obtain
corrections to the tree level B¯ → Dν¯ℓ amplitudes of the
order of 15−25%, which are relevant in a theoretical cal-
culation. We also explain that the full theoretical evalu-
ation of the form factor in the B¯ → Dν¯ℓ reaction would
require the calculation of the B → D transitions using
quark wave functions for the meson states in addition to
the strong interaction corrections evaluated here.
We used the results obtained here to see the effects of
these strong corrections in the RD ratio for ν¯ττ and ν¯ℓ
production and we found effects of the order of 10%. This
means that if one wishes to do a theoretical calculation
of this ratio with the precision of 1.5% claimed in fits to
data within the Standard Model, the effects studied here
must be necessarily considered.
Acknowledgments
We thank J. Nieves for useful discussions. N.I.
acknowledges the support from JSPS Overseas Re-
search Fellowships and JSPS KAKENHI Grant Number
JP19K14709. LRD acknowledges the support from the
National Natural Science Foundation of China (Grant
No. 11575076). This work is partly supported by the
Spanish Ministerio de Economia y Competitividad and
European FEDER funds under Contracts No. FIS2017-
84038-C2-1-P B and No. FIS2017-84038-C2-2-P B, and
the Generalitat Valenciana in the program Prometeo II-
2014/068, and the project Severo Ochoa of IFIC, SEV-
2014-0398 (EO).
[1] J. P. Lees et al. [BaBar Collaboration], Phys. Rev. Lett.
109 (2012) 101802
[2] J. P. Lees et al. [BaBar Collaboration], Phys. Rev. D 88
(2013) 072012
[3] R. Aaij et al. [LHCb Collaboration], Phys. Rev. Lett. 115
(2015) 111803l; Erratum: [Phys. Rev. Lett. 115 (2015)
159901]
[4] M. Huschle et al. [Belle Collaboration], Phys. Rev. D 92
(2015) 072014
[5] Y. Sato et al. [Belle Collaboration], Phys. Rev. D 94
(2016) 072007
[6] S. Hirose et al. [Belle Collaboration], Phys. Rev. Lett.
118 (2017) 211801
[7] S. Aoki et al., Eur. Phys. J. C 77 (2017) 112
[8] S. Hirose et al. [Belle Collaboration], Phys. Rev. D 97
(2018) 012004
[9] R. Aaij et al. [LHCb Collaboration], Phys. Rev. Lett. 120
(2018) 171802
[10] R. Aaij et al. [LHCb Collaboration], Phys. Rev. D 97
(2018) 072013
[11] R. Aaij et al. [LHCb Collaboration], Phys. Rev. Lett. 120
(2018) 121801
[12] A. Cerri et al., arXiv:1812.07638 [hep-ph].
[13] R. X. Shi, L. S. Geng, B. Grinstein, S. Ja¨ger and J. Mar-
tin Camalich, arXiv:1905.08498 [hep-ph]
[14] M. Jung and D. M. Straub, JHEP 1901 (2019) 009
[15] A. Abdesselam et al. (Belle), (2019), arXiv:1904.08794
[hep-ex].
[16] I. Caprini, L. Lellouch and M. Neubert, Nucl. Phys. B
530 (1998) 153
[17] C. G. Boyd, B. Grinstein and R. F. Lebed, Phys. Rev.
Lett. 74 (1995) 4603
[18] C. G. Boyd, B. Grinstein and R. F. Lebed, Nucl. Phys.
B 461 (1996) 493
[19] C. G. Boyd, B. Grinstein and R. F. Lebed, Phys. Rev. D
56 (1997) 6895
[20] S. Fajfer, J. F. Kamenik and I. Nisandzic, Phys. Rev. D
85 (2012) 094025
[21] H. Na, C. M. Bouchard, G. P. Lepage, C. Monahan, and
J. Shigemitsu (HPQCD), Phys. Rev. D 92, 054510(2015),
[Erratum: Phys. Rev. D 93 119906(2016)]
[22] J. A. Bailey et al. (Fermilab Lattice, MILC), Phys. Rev.
D 89, 114504 (2014)
[23] C. Murgui, A. Pen˜uelas, M. Jung and A. Pich,
arXiv:1904.09311 [hep-ph].
[24] M. Neubert, Phys. Rept. 245 (1994) 259
[25] A. V. Manohar and M. B. Wise, Heavy Quark Physics,
(Camb. Monogr. Part. Phys., Nucl. Phys. Cosmol. 10
(2000) 1-191
[26] D. L. Yao, P. Fernandez-Soler, F. K. Guo and J. Nieves,
arXiv:1906.00727 [hep-ph].
[27] F. S. Navarra, M. Nielsen, E. Oset and T. Sekihara, Phys.
Rev. D 92 (2015) 014031
[28] E. E. Kolomeitsev and M. F. M. Lutz, Phys. Lett. B 582
(2004) 39
[29] J. Hofmann and M. F. M. Lutz, Nucl. Phys. A 733 (2004)
142
[30] F. K. Guo, P. N. Shen, H. C. Chiang, R. G. Ping and
B. S. Zou, Phys. Lett. B 641 (2006) 278
[31] D. Gamermann, E. Oset, D. Strottman and M. J. Vicente
11
Vacas, Phys. Rev. D 76 (2007) 074016
[32] T. Sekihara and E. Oset, Phys. Rev. D 92,
no. 5, 054038 (2015) doi:10.1103/PhysRevD.92.054038
[arXiv:1507.02026 [hep-ph]].
[33] J. A. Oller and E. Oset, Nucl. Phys. A 620 (1997) 438;
Erratum: [Nucl. Phys. A 652 (1999) 407]
[34] N. Kaiser, Eur. Phys. J. A 3 (1998) 307
[35] M. P. Locher, V. E. Markushin and H. Q. Zheng, Eur.
Phys. J. C 4 (1998) 317
[36] J. Nieves and E. Ruiz Arriola, Nucl. Phys. A 679 (2000)
57
[37] W. H. Liang, E. Oset and Z. S. Xie, Phys. Rev. D 95
(2017) no.1, 014015
[38] W. H. Liang, T. Uchino, C. W. Xiao and E. Oset, Eur.
Phys. J. A 51 (2015) 16
[39] R. P. Pavao, W. H. Liang, J. Nieves and E. Oset, Eur.
Phys. J. C 77 (2017) 265
[40] O. Romanets, L. Tolos, C. Garcia-Recio, J. Nieves,
L. L. Salcedo and R. G. E. Timmermans, Phys. Rev.
D 85 (2012) 114032
[41] N. Ikeno, M. Bayar and E. Oset, Eur. Phys. J. C 78
(2018) no.5, 429
[42] R. Molina and E. Oset, Phys. Rev. D 80 (2009) 114013
[43] S. Weinberg, Physica A 96 (1979) 327
[44] J. Gasser and H. Leutwyler, Nucl. Phys. B 250 (1985)
465.
[45] G. Ecker, Prog. Part. Nucl. Phys. 35 (1995) 1
[46] U. G. Meissner, Rept. Prog. Phys. 56 (1993) 903;
V. Bernard, N. Kaiser and U. G. Meissner, Int. J. Mod.
Phys. E 4 (1995) 193
[47] G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. de
Rafael, Phys. Lett. B 223 (1989) 425.
[48] M. Bando, T. Kugo, S. Uehara, K. Yamawaki and
T. Yanagida, Phys. Rev. Lett. 54 (1985) 1215
[49] M. Bando, T. Kugo and K. Yamawaki, Phys. Rept. 164
(1988) 217
[50] U. G. Meissner, Phys. Rept. 161 (1988) 213
[51] H. Nagahiro, L. Roca, A. Hosaka and E. Oset, Phys. Rev.
D 79 (2009) 014015
[52] V. R. Debastiani, J. M. Dias, W. H. Liang and E. Oset,
Phys. Rev. D 97 (2018) 094035
[53] S. Sakai, L. Roca and E. Oset, Phys. Rev. D 96 (2017)
054023
[54] E. J. Garzon and E. Oset, Eur. Phys. J. A 48 (2012) 5
[55] J. F. Donoghue, J. Gasser and H. Leutwyler, Nucl. Phys.
B 343 (1990) 341
[56] M. Albaladejo and B. Moussallam, Eur. Phys. J. C 75
(2015) 488
[57] J. T. Daub, C. Hanhart and B. Kubis, JHEP 1602 (2016)
009
[58] D. L. Yao, P. Fernandez-Soler, M. Albaladejo, F. K. Guo
and J. Nieves, Eur. Phys. J. C 78 (2018) 310
[59] C. Albertus, J. M. Flynn, E. Hernandez, J. Nieves and
J. M. Verde-Velasco, Phys. Rev. D 72, 033002 (2005).
[60] C. Albertus, E. Herna´ndez, C. Hidalgo-Duque and
J. Nieves, Phys. Lett. B 738 (2014) 144
[61] L. R. Dai, X. Zhang and E. Oset, Phys. Rev. D 98 (2018)
036004
[62] L. R. Dai and E. Oset, Eur. Phys. J. C 78 (2018) 951
[63] A. V. Manohar and M. B. Wise, Nucl. Phys. B 399 (1993)
17
[64] T. Uchino, W. H. Liang and E. Oset, Eur. Phys. J. A 52
(2016) 43
[65] N. Isgur and M. B. Wise, Phys. Lett. B 232 (1989) 113.
[66] N. Isgur and M. B. Wise, Phys. Lett. B 237 (1990) 527.
[67] J. J. Wu and B. S. Zou, Phys. Lett. B 709, 70 (2012).
